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Abstract. In this paper we consider the metric approach to the Berry’s transport (geometrical
part of the adiabatic evolution) of any pure or mixed state, for possibly degenerate Hamiltonians.
We emphasize that explicit formulae for the transport of such states need the introduction of
an averaging procedure; in analogy with the classical case this quantum averaging involves
multiplying each energy eigenstate by a different phase and then integrating over these phases.
We show in particular how the transport of non-stationary pure states, rays and density matrices
arise from the minimization of Hilbert, Fubini—Study and Bures averaged distances respectively.

1. Introduction

In this introduction we briefly recall the different approaches to Berry’'s phase focusing
on the metric derivation which we develop in this paper. In section 2 we argue that these
approaches have been essentially formulated for stationary states and need to be generalized
for non-stationary pure states and mixed states; by introducing an averaging technique we
provide explicit new expressions for the transport of arbitrary pure states. The main result,
obtained in section 3, concerns the application of this technique to a metric derivation of
the adiabatic Berry's transport of density operators, using the Bures distance.

Historically, the Berry's phase and more generally the Berry’s transport, are geometrical
concepts which have emerged from recent reconsiderations of the quantum adiabatic
theorem. As is well known, this theorem describes the evolution of the stationary states of
systems with Hamiltonianst/ (X'), depending on a set of slowly time-varying parameters
(X (@) = X1(), X2(t), ..., X, (2)). Inits original form [1], it asserts that an initial stationary
state remains an eigenstate of the instantaneous Hamiltonian, i.e. it belongs at each time
to the eigensubspac® g x () (hereafter simply denoteis(r)) of the Hilbert space,
associated with the energy level X (¢)). An important physical consequence is that the
adiabatic evolution does not induce transitions between stationary states of different energies.
The complement given by Berry [2] for a non-degenerate level, and generalized in [3] for the
degenerate case, deals with the evolution inside the subspiages It states that an initial
state, Wz (0), in Hz(0) evolves into the statal (1) = Wg(t) exp—; [y E(X(s))ds of
‘He(¢) which contains, besides the expected dynamical phase factor, a slowly time-varying
contribution,¥,(¢), determined by the condition

Py d¥; =0 1)
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with Py (a shorter notation foPgx () being the projector ont@{.(¢). This condition
amounts to the requirement that the evolved sttte(r), satisfies the Schidinger equation
projected onto the eigensubspace associated &tk (¢)) (which, for Wg(z), implies the
relation Pxihd, Wi () = 0 which is equivalent to (1)).

First noticed by Simon in the non-degenerate case (where (1) redugkg td¥z) = 0)
[4], relation (1) defines a unitary geometrical transport, the Berry’s transport, on the fibre
bundle with basis the parameters space and fibre Avére spacé{z x,. If an orthonormal

basis of reference statds(E(f),(X(t)) is introduced iNHg(2), i.e. if Wg(r) is written as
Vp(t) =Y Ce, (OUPL(X (1) @

the transport is explicitly given from (1) by the equations
dCr, = =Y Cr (Wi (X), ax Wi, (X)) dX

=i) Cp AL (X)dX. ®)

In the non-degenerate case, (3) leads simply to the expre€sian = Cz(0) expiye (r)
whereyg (¢), the Berry’s phase, is the integral of the connection one-form:

dye = (W) (X), ax W (X)) dX = i(W) (X), dy W (X). @
Besides these approaches of the Berry’s transport, a less known metric one also exists

which we consider now. In the non-degenerate case this approach is connected with the
Fubini—Study distance defined in the projective Hilbert space of rays

di5(V1, U2) = Infy, 4, | W16 — We?2 2 (5)
or more precisely with the associated metric

d2(0, W + W) = Infgy [|¥ — (W + dW)&% 2

= (dW, d¥) — [(, dW)|2. (6)

Indeed, identifying¥ with the stateWz(r) and (¥ + d¥) with Wg(r + dr), the gauge
invariance [5] of the metric implies that the transport condit{gn;, d¥z) = 0 also reads

(dWg, dWg) minimum @)
(the rays¥y and(‘pE/—_i‘\'d/‘I’El being fixed). In other words, the transport simply associates
to any vector state of the ray;(¢+) and the state of the ra¥ (¢ + dt) which is the closest
to it.

A more general formalism, to which we refer below, has recently been developed by

Uhlmann [6] and Hubner [7]. LeB?(H) be the space of (Hilbert—Schmidt) linear operators,
W, from H to H such that:

wWwi=p Trp < oo. (8)

Then, the spac8*(H)* of positive trace class operatoys, can be considered as the basis
of a fibre bundle, with fibre ovep the set of operatorS%U (since W in (8) is defined
modulo the right action of a unitary operator U). From the distancé(t)

d% (Wi, Wo) = Tr((Wy — Wa) (W1 — Wa)") 9)

which is analogous to the distancé(#, ¥,) = ||W; — W,||? between vector states, one
can define a distance B(H)*

1 1 1 1 n
d5(p1, p2) = Infy, v, Tr((pZUr — p2 Up)(pf Ur — p2 Ua)") (10)
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which generalizes the Fubini—Study distance (5). This distance is nothing but the Bures
distance initially introduced in the more general framework of normal states of Von Neumann
algebras [8]. Its associated metric

d2(p, p + dp) = Infay Tr(dW dw') with dW = d(p2) + p2dU  (11)

which generalizes (6), can be considered as the most natural one between density matrices.
Then, in analogy with (7) which characterizes the Berry transport- W + dW of vector

states, one can define a transpéit— W + dW, named by Uhlman ‘parallel transport
along density operators’, by the condition:

d% (W, W +dW) = Tr(dw dw") minimum (12)

(p andp +dp being fixed, this condition specifies nowdn the expressionW = p% du.)
Writing condition (12) under the equivalent form

widw Hermitian (13)

Uhlman was able to recover the Berry’'s transport (B) W, = 0) of an orthonormal
basis{Wg .}, in the degenerate case, by choosiig= > |Vg,)(r| where{|r)} is an
arbitrary fixed orthonormal basis H [6]. One of the results of section 2 will be to provide

a more natural metric derivation of this transport. To end this introduction, we stress the
fact that condition (12) does not define a transport of density matrices, transport is the main
purpose of this paper.

2. Berry’s transport and averaging generalized

The Berry’s phase for individual stationary states, besides its mathematical interest, has also
proved itself to be fruitful from an experimental point of view [9]. However, this interest

is not limited to considerations about stationary states as illustrated by the two following
examples. The first one, of a theoretical nature, deals with the semiclassical relationship
aaVI = —%9, between the Berry's phase, (the principal quantum numben, labels the
energy level) and its classical counterpart, for an integrable Hamiltonian, the Hannay’s
angled; (the action/ = nh labels the trajectory in phase space) [10]. A simple quantum
way to derive this relationship consists of transport ‘action-angle’ coherent states (or better
rays), which have been shown to be the adapted tools to describe points in the classical
phase space with action angle coordinates [11]. Let these $fatesX) be defined, in the
classical limit, by

116, X) = Y |C,l€" w0 (X)) (14)
n~I/k

the sum overn being ‘peaked’ fAn =~ (Iﬁ‘l)%) around the value given by the
correspondence principle. Then it is easy to verify that, up to a global phase factor,
the change¥© (X (0)) — €»OWO (X (r)) of the stationary states induces the change
1,0, X(0)) — |I,0+6,(), X (¢)) of the coherent states. However, this change (Hannay’s
transport) of the coherent states, which is induced by the Berry’s transport of stationary
states, does not correspond to conditions suckigsi¥) = 0 or (d¥, d¥) minimum:

these conditions need to be modified for non-stationary states. The second example, of a
practical nature, deals with experiments such as those performed by Bitter and Dubbers
[12] where one measures the change in the polarization of slow neutrons propagating in
an inhomogeneous static magnetic field. In such experiments one studies the adiabatic
evolution of density (polarization) matrices. Although it is clearly understood that this
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evolution is the one induced by the evolution of the individual stationary states there is
also, in this case, the need for a direct definition of the Berry’s transport. As we shall see
this definition requires a notion of averaging. We now define this notion and apply it to
the transport of pure states (formulae (17)—(19)), postponing the case of density matrices to
section 3.

Averaging is a concept which lies at the basis of the demonstration of the classical
adiabatic theorem [13] but which is, surprisingly, rarely evocated in the quantum case.
Quantum averaging concerns the phase of the stationary states in the same way as the
classical one concerns the angle variable on trajectories of fixed action in phase space [14].
Technically, the adiabatic averagg, of any functional,F, of the reference stationary states
v (X (1)) is defined by:

- 2n pon 21 _—— dop
]—‘=/ / / F((e W, (XM, " (15)
0 0 0

It is obtained by multiplying each reference state by a phase factor associated with the
corresponding energy level (possibly degenerated) and by integrating over these phases
{ag} (the same for all). If F depends on an arbitrary stadeit is understood in (15) that

one decompose§ as

V@) =D Wp)  with We(0) = Y Ce, (W, (X (D) (16)
E r

before taking the average. As a consequence the coeffiaignts= (\P,(E(f),, W) must be
considered as unaffected by the change of phases. In contrast, a variati¢s af W’) is
affected by this change.

As a first application of the averaging procedure it is easy to verify the equality
(,d¥) = Y (Pg, d¥g) for any two vectors,® and ¥, in the Hilbert spaceg{. This
allows us to specify the Berry’s transpoR; d¥y = O for all E, of an arbitrary pure state,

W, by the unique condition (generalization of (1)):

@,d0)=0  VdecH. (17)

This condition infers that, on average¥’ds orthogonal to any vector ifi.
A second application of the averaging procedure is the derivation of the Berry’s transport
from the extremum principle:

8[/(\1&(1\1/)}:0 (dw:%‘fdt) (18)

Indeed, using decomposition (16) and differentiat{dg d¥) with respect to the complex
conjugate coefficientsCy. , it is easy to recover (17) from (18). This result is a direct
consequence of the fact that, in the quantum case as in the classical one, the adiabatic
hypothesis consists of changing the Lagrandidif = (W, (ik9,— H) W) for the Schédinger
equation) by its averagé [14].

Finally, we combine the averaging procedure with the metric approach and show that
the condition

(dw, dw) minimum (19)
is a simple metric way to define the Berry’s transport for arbitrary pure vector states. For
this demonstration, as for those which lead, in section 3, to the transport of rays and density
matrices, it is useful to separate, into the total variatiolr, @f a state, the contribution
dxyV¥ = ZEJ Cg, dX\l/g),,(X) associated with a given variationXd of the parameters
from the contribution d¥ = Y, dCg, Wi (X) associated with the variatiorsiCr ,}
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of the components o onto the moving basis (the transport being specified, in the metric
approach, by the variation-d’ which, for a given ¢ ¥, satisfies condition (19)). One has:

Then, from the equality

(dW, dU) = Z(d\I/E, dvy)

E
=Y I1Pe dWg|® + (I — Pp) dy We|? (21)
E

and the remark that the last term on the r.h.s. of (21) is independent of the variations
{dCg .}, one verfies that the minimum of (21) is obtained when the transport conditions (1),
Py d¥; = 0 for all E, are satisfied.

3. Berry’s transport of rays and density matrices

As the Fubini-Study metric (6) is the extension to rays of the Hilbert meédhic dW) for
vector states, let us average it and examine the condition

(dW, dw) — (W, dW)|2 minimum (22)

We now show that it leads to the transport of rays and therefore generalizes (19). (We keep
the possibility that some eigenspacétg, are degenerate.) An important remark is that,
because each variation @ belongs to the corresponding eigensubsgdge the quantity

(U, dc W) is equal to its averagél, dc ). So one can write:

(W, dW) — (W, dU) = (U, dy W) — (W, dy U). (23)

Then, considering each side of (23) as random variables (functions of the random phases
{ag} entering into the averaging procedure) one gets the equality of their variances:

(W, dW)[2 — [(W, dW) | = [(¥, dxW)[2 — (¥, dy W)|2. (24)

Since the r.h.s. of (24) is independent of the variatif , } it follows that|(¥, d¥)|2 can

be replaced by(¥, d¥)|? in (22). The quantity to minimize thus reads, || Pr d¥g|? —

| >, (Wg, dWg) |2 According to the Schwartz inequality, the minimum is obtained when
Pg dV; = drwg (for all E). One can verify that the normalization @f implies that d is
purely imaginary. Therefore condition (22) leads to:

PE d‘IJE = id(p‘l—’E. (25)

One obtains the Berry’'s transport of vector states up to a global (the same 6raait

r) phase factor, i.e. (22) actually defines the Berry’s transport of rays. (When the states
W are the action-angle states (14) relation (22) provides a metric transport of the classical
trajectories in phase space [15].)

The generalization of this transport to statistical mixtures of quantum states requires a
notion of distance between density operators. As explained in the introduction, the natural
one is the Bures distance (10) (although the distan¢ge, Fr p1)? has also been considered
in this context [16]). An explicit expression for the associated metric (11) was first obtained
by Hubner [7] by means of the calculation & (p, p + ¢ dp) up to second order in and
then by Braunstein and Caves [17] using arguments of a statistical nature. This expression,
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also obtained in the appendix from a direct determination of the infimum by means of
Lagrange multipliers, reads

d5(p, p+dp) = ;A >

at+rp#0
where {®,} is a basis of eigenvectors @f and {1, } is the associated spectrum. In the
particular case of a projectgr = Py = |W)(¥|, identifying the pure statel, with the
eigenstateb, (26) readsza o [(Dg, AV) |2 = (dV, (I — Py) d¥) = (d¥, d¥) — (¥, dW)|?
and the Bures metric reduces to the Fubini—Study one (6) (as expectedosiacPy is
another way to specify the quantum ra@). Let us now consider the transport of density
operators defined by the condition

|[(@u|dp|Pp)I?

26
o (26)

d2(p, p +dp) minimum (27)

which generalizes (19) and (22). In order to make this condition tractable, one expresses
p(t) in the basis of reference statég’, (X (1))

P =D perEs OV (X EN WX (1)) (28)
E,r F.,s
and separates as above, in the total variatipnofl the density matrix, the contributions
associated respectively with the variatidiaép z - r.s))} Of the coefficients and with those
dX of the parameters, i.e. one writes

dp =dcp +dxp (29)
with:
dep =YD d(oiEnrs) WL (XONWE (X))
E,r F,s (30)
dyp =YY pesrs (dy W, (ONEE (X)) + (WL, (X)) dx WL (X))).
E;r F.s

Then, given a variation, s, of p, the geometrical transport involves determining the
corresponding variationgpb. At this point, it is important to note that, in the same way as
the coefficientg . (1) = (¥ (0) (X (1)), ¥) of the decomposition (16) are not affected by the

averaging procedure, quantltles such aé?)s(X(t)), dg) which appear in the expression
of (®,|dp|®Pg) must not be averaged. Consequeriy,|dcpo|Pg) is equal to its average
(Pyldcp|®g). Then a derivation similar at all points to the one used to obtain equation (24)
leads to the following expression for the variance of the matrix elerf@epidp|Pg):
|(D|dp|Dp) |2 — [{Bq]dp[Dp) |* = [(Dy[dx p]Pp) 2 — [{Deldx p[ D)% (31)
It follows that the terms(®,|dp|®;)|?> can be replaced by(d>a|dp|d>ﬁ>|2 in (27). The
condition of minimum is then clearly realized when:

(@q|dp|Pg) =0 Vo, B. (32)
This relation, which generalizes (17), infers that on average (and in the weak operator
topology) the variation d is equal to zero. It explicitly reads:

DD (@, W (X)W (X), ) [d(p@,w,m

Er F.s

+ D TR (X)), dy Wi (X)) (g .uy(r.s)

Hdy WP (X)), W) (X))pww,u)]] =0. (33)
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As this equality is true for alle and 8 one deduces that th&az ,r.5))’s which minimize
d2(p, p +dp) are such that:

d(pE. ) =1 Z[Afu (XD P (F.5) = PErFw Al (X)X (34)

This formula for the elements of density matrices generalizes formula (3) for the components
of pure states. It infers that the Berry’s transport of density matrices is the one induced by
the transport of stationary states. Indeed, (34) implies that the matrix elements would be
unchanged if they were taken in the basis of the transported stationary states (in place of
the basis of the reference stationary states). For example, in the non-degenerate case (34)
reduces to

d(per) = iper(dyg — dyp) (35)

and the corresponding transport associates to the density me®ix = > . per(0)
WX (0)) (2 (X (0))| the density matrix:

p(t) = per(@ETEOT WD (X (1)) (WP (X (1)) (36)
EF

Appendix
The problem now involves finding the infimum:
Infgy Trdw dw') = d2(p, p + dp) with dW = d(p?) + p2 dU. (A1)
In the basis of their eigenvectof®,}, o andp% read as

P= hal®e) (Dol 02 = pel®)(Pel  Gu=pd) (A2
and d¥ takes the form
dw = Zdualfba)(%l + 1o |dPe ) (Po| + o | Po) (APy | + o[ Py ) (Pe | dU. (A.3)

Let us denote{dd,| + (®,|dU def (8®,|; the perturbation & being a unitary one
(dU + dUt = 0), the{(8d,|}’s are submitted to the constraints:
(6Py, Pp) + (Py, 6Ppg) =0 Vo, B. (A.4)

The Bures metric then reads:
dzz;(p’ p+do) = Inf{(6d>a|] Tr <Z((dﬂa|®a><¢a| + o |dD,) (Dy |
of

Fitg | Py ) (8D ) (g | D) (Ppl + pp|Pp) (dDPg| + gD g) (Ppl)
+/¢l/a:u'ﬁlot,3((8q)av cDﬁ) + (D, 8q)ﬂ>))> (AS)

In this relation the Lagrange multipliers,s (= I3,), ensure that constraints (A.4) are
taken into account (their product hy, g being introduced there only for calculational
convenience). The infimum of the trace is obtained for variati®d®,)}'s such that:

1ald®a) + dita|Pe) + ) 1p((dDg, Do) + Lop)|p) = 0. (A.6)
B
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Then, considering linear combinations of the relations deduced from (A.6) by projection
onto the basis vectorgd, } and taking into account constraints (A.4) and the Hermitian
symmetry of the{l,z}'s, one gets the Lagrange multipliers:

1dr, e — Mg
2 e P ha + g
Substituting (A.6) and (A.7) into (A.5), the Bures metric reads:

1/ (diy)? 2 (kg — 2a)?
dﬁ(p,p+dp>=(2 + D @y, dg)2 5 T (A.8)
2\ & 2 & Mg+ Ao

(ddg, D) a # B. (A.7)

laa

or, by using (A.2),

1 Dy |do|Dg) |2
dﬁ(p,p+dp)=727|( /\L i')\ﬁ”

5 (A.9)

of
which is expression (26) given in section 3.

References

[1] Messiah A 1962Quantum Mechanicsol 2 (Amsterdam: North-Holland) ch XVII
[2] Berry M V 1984 Proc. R. SocA 39245
[3] Wilczek F and Zee A 198#hys. Rev. Lettc8 2111
[4] Simon B 1983Phys. Rev. Leti1 2167
[5] Provog J P and Vake G 1980Commun. Math. Phy<.6 289
[6] Uhimann A 1986Rep. Math. Phys24 229
Uhimann A 1989Ann. Phys., Lpz46 63
[7] Hubner M 1992Phys. LettA 163239
Hubner M 1993Phys. LettA 179226
[8] Bures D 1969Trans. Am. Math. Sod 35199
[9] Shapere A and Wilczek F 1988eometric Phases in Physics (Advanced Series in Mathematical Physics 5)
(Singapore: World Scientific) ch 4
[10] Hanny J H 1985J. Phys. A: Math. Genl8 221
Berry M V 1985 J. Phys. A: Math. Genl8 15
[11] Maamache M, Provas) P and Vake G 1990J. Phys. A: Math. Gern23 5765
[12] Bitter T and Dubbers D 198Phys. Rev. Lett59 251
[13] Arnold V 1978 Mathematical Methods of Classical Mechanics (Springer Graduate Texts in Mathematics 60)
(New York: Springer) p 791
[14] Maamache M, Provas] P and Vake G 1994Eur. J. Phys15 121
[15] Maamache M 1993 hese de DoctoraUniversié de Nice Sophia Antipolis, unpublished
[16] Anandan J 1990 A geometric view of quantum mecha@uosntum Coherenced J S Anandan (Singapore:
World Scientific)
[17] Braunstem S L and Cave C M 1994Phys. Rev. Lettr2 3439



